The non-Abelian geometric phases of the robust degenerate ground states were proposed as physically measurable defining properties of topological order in 1990. In this paper we discuss in detail such a quantitative characterization of topological order, using generic Abelian fractional quantum Hall states as examples. We find a way to determine even the pure U (1) phase of the non-Abelian geometric phases. We show that the non-Abelian geometric phases not only contain information about the quasi-particle statistics, they also contain information about the chiral central charge ∆c mod 24 of the edge states, as well as the Hall viscosity. Thus, the non-Abelian geometric phases (both the Abelian part and the non-Abelian part) provide a quite complete way to characterize 2D topological order.
Topological order 1,2 is a new kind of order that is beyond Landau symmetry breaking theory, 3, 4 and appear in fractional quantum Hall (FQH) states. 5, 6 It represents the pattern of long range entanglement in highly entangled quantum ground states. [7] [8] [9] The notion of topological order was first introduced (or partially defined) via a physically measurable property: the topologically robust ground state degeneracies (ie robust against any local perturbations that can break all the symmetries).
2
The ground state degeneracies depend on the topology of the space. Shortly after, a more complete characterization/definition of topological order was introduced through the topologically robust non-Abelian geometric phases associated with the degenerate ground states as we deform the Hamiltonian. 1, 10 It is was conjectured that the non-Abelian geometric phases may provide a complete characterization of topological orders in 2D, 1 and, for example, can provide information on the quasipartiicle statistics. Recently, such non-Abelian geometric phases were calculated numerically, [11] [12] [13] and the connection to quasi-partiicle statistics was confirmed.
We like to stress that, now we know many ways to characterize topological orders, such as K-matrix, 2, [14] [15] [16] [17] F -symbol, 18 fixed-point tensor network, 19, 20 etc . But they are either not directly measurable (ie correspond to a many-to-one characterization), or cannot describe all topological orders, or cannot fully characterize topological orders (ie correspond to a one-to-many characterization). So the non-Abelian geometric phases, as a physical and potentially complete characterization of topological orders, are very important. To understand this point, it is useful to compare topological order with superconducting order. Superconducting order is defined by physically measurable defining properties: zero resistivity and Meissner effect. Similarly topological order is defined by physically measurable defining properties: topological ground state degeneracy and the non-Abelian geometric phases of the degenerate ground states.
To gain a better understanding of non-Abelian geometric phases of the degenerate ground states, in this paper, we are going to study the non-Abelian geometric phases of most general Abelian fractional quantum Hall (FQH) states in detail. In particular we find a way to determine both the non-Abelian part and the Abelian U (1) phase of the non-Abelian geometric phases. Through those examples, we like to argue that non-Abelian geometric phases form a representation of SL(2, Z), which is generated by S, T satisfying S 4 = (ST ) 6 = 1. Such a representation contains information on the quasi-particle statistics as well as the chrial central charge ∆c mod 24. It is generally believed that the quasi-particle statistics and the chiral central charge completely determine the topological order. Thus the non-Abelian geometric phases provide a quite complete way to determine the topological order. In this paper, we will calculate and study the non-Abelian geometric phases for a generic Abelian FQH state. First, we will give a general introduction of topological order and FQH states.
II. TOPOLOGICAL ORDERS IN FQH STATES A. Introduction to FQH effect
At high enough temperatures, all matter is in a form of gas. However, as temperature is lowered, the motion of atoms becomes more and more correlated. Eventually the atoms form a very regular pattern and a crystal order is developed. With advances of semiconductor technology, physicists learned how to confine electrons on a interface of two different semiconductors, and hence making a two dimensional electron gas (2DEG). In early 1980's physicists put a 2DEG under strong magnetic fields (∼ 10 Tesla) and cool it to very low temperatures (∼ 1K
• ), hoping to find a crystal formed by electrons. They failed to find the electron crystal. But they found something much better. They found that the 2DEG forms a new kind of state -Fractional Quantum Hall (FQH) state.
5,22
Since the temperatures are low and interaction between electrons are strong, the FQH state is a strongly correlated state. However such a strongly correlated state is not a crystal as people originally expected. It turns out that the strong quantum fluctuations of electrons due to their very light mass prevent the formation of a crystal. Thus the FQH state is a quantum liquid. 23 Soon many amazing properties of FQH liquids were discovered. A FQH liquid is more "rigid" than a solid (a crystal), in the sense that a FQH liquid cannot be compressed. Thus a FQH liquid has a fixed and welldefined density. More magic shows up when we measure the electron density in terms of filling factor ν, defined as a ratio of the electron density n and the applied magnetic field B ν ≡ nhc eB = density of electrons density of magnetic flux quanta FIG. 1. A particle and its quantum wave on a circle.
All discovered FQH states have such densities that the filling factors are exactly given by some rational numbers, such as ν = 1, 1/3, 2/3, 2/5, .... FQH states with simple rational filling factors (such as ν = 1, 1/3, 2/3, ...) are more stable and easier to observe. The exactness of the filling factor leads to an exact Hall resistance ρ xy = ν −1 h e 2 . Historically, it was the discovery of exactly quantized Hall resistance that led to the discovery of quantum Hall states. 22 Now the exact Hall resistance is used as a standard for resistance.
B. Dancing pattern -a correlated quantum fluctuation
Typically one thinks that only crystals have internal pattern, and liquids have no internal structure. However, knowing FQH liquids with those magical filling factors, one cannot help to guess that those FQH liquids are not ordinary featureless liquids. They should have some internal orders or "patterns". According to this picture, different magical filling factors can be thought to come from different internal "patterns". The hypothesis of internal "patterns" can also help to explain the "rigidness" (ie. the incompressibility) of FQH liquids. Somehow, a compression of a FQH liquid could break its internal "pattern" and cost a finite energy. However, the hypothesis of internal "patterns" appears to have one difficulty -FQH states are liquids, and how can liquids have internal "patterns"?
Theoretical studies since 1989 did conclude that FQH liquids contain highly non-trivial internal orders (or internal "patterns"). However these internal orders are different from any other known orders and cannot be characterized by local order parameters and long range correlations. What is really new (and strange) about the orders in FQH liquids is that they are not associated with any symmetries (or the breaking of symmetries), 1,2 and cannot be characterized by order parameters associated with broken symmetries. This new kind of order is called topological order, 1,2 and we need a whole new theory to describe the topological orders.
To gain some intuitive understanding of those internal "patterns" (ie topological orders), let us try to visualize the quantum motion of electrons in a FQH state. Let us first consider a single electron in a magnetic field. Under the influence of the magnetic field, the electron always moves along circles (which are called cyclotron motions).
In quantum physics, only certain discrete cyclotron motions are allowed due the wave property of the particle. The quantization condition is such that the circular orbit of an allowed cyclotron motion contains an integer number of wavelength (see Fig. 1 ). The above quantization condition can be expressed in a more pictorial way. We may say that the electron dances around the circle in steps. The step length is always exactly equal to the wavelength. The quantization condition requires that the electron always takes an integer number of steps to go around the circle. If the electron takes m steps around the circle we say that the electron is in the (m + 1) th Landau level. (m = 0 for the first Landau level.) Such a motion of an electron give it an angular momentum m . We will call such an angular momentum (in unit of ) the orbital spin S ob of the electron. So S ob = m for electrons in the (m + 1) th Landau level. The orbital spin can be probed via its coupling to the curvature of the 2D space. As an object with no-zero orbital spin moves along a loop C on a curved 2D space, a non-zero geometric phase will be induced. The geometric phase is given by
where S C is the area enclosed by the loop C. Here R is the the Gauss curvature and ω i the connection whose curl gives rise to the curvature. The relation between ω i and R = ε ij ∂ i ω j is the same as relation between the gauge potential a i and the "magnetic field" b = ε ij ∂ i a j . On a sphere, we have sphere d 2 xR = 4π. When we have many electrons to form a 2DEG, electrons not only do their own cyclotron dance in the first Landau level, they also go around each other and exchange places. Those additional motions also subject to the quantization condition. For example an electron must take an integer steps to go around another electron. Since electrons are fermions, exchanging two electrons induces a minus sign to the wave function. Also exchanging two electrons is equivalent to move one electron half way around the other electron. Thus an electron must take half integer steps to go half way around another electron. (The half integer steps induce a minus sign in the electron wave.) In other words an electron must take an odd-integer steps to go around another electron. Electrons in a FQH state not only move in a way that satisfies the quantization condition, they also try to stay away from each other as much as possible, due the strong Coulomb repulsion and the Fermi statistics between electrons. This means that an electron tries to take more steps to go around another electron.
Now we see that the quantum motions of electrons in a FQH state are highly organized. All the electrons in a FQH state dance collectively following strict dancing rules:
1. all electrons do their own cyclotron dance in the m th Landau level (ie m step around the circle);
2. an electron always takes odd integer steps to go around another electron;
3. electrons try to stay away from each other (try to take more steps to go around other electrons).
If every electrons follows these strict dancing rules, then only one unique global dancing pattern is allowed. Such a dancing pattern describes the internal quantum motion in the FQH state. It is this global dancing pattern that corresponds to the topological order in the FQH state.
1,2
Different QH states are distinguished by their different dancing patterns (or equivalently, by their different topological orders). Recently, it was realized that topological orders are nothing but patterns of long range entanglements.
9 FQH states are highly entangled state with long range entanglements. The dancing pattern described above is a simple intuitive way to described the patterns of long range entanglements in FQH states.
C. Ideal FQH state and ideal FQH Hamiltonian
A more precise mathematical description of the quantum motion of electrons described above is given by the famous Laughlin wave function
where z j = x j + iy j is the coordinate of the j th electron. The wave function is antisymmetric when m =odd integer and correspond to a wave function of fermions. Such a wave function describes a filling factor ν = 1/m FQH state for fermionic electrons. In this paper, we will also consider the possibility of bosonic electrons. A ν = 1/m FQH state for bosonic electrons is described by eqn. (2) with m = even.
We see that the wave function changes its phase by 2πm as we move one electron around another. Thus an electron always takes m steps to go around another electron in the Laughlin state Ψ m . We also see that, as z i → z j , the wave function vanishes as (z i − z j ) m , so that the electrons do not like to stay close to each other. Since every electron takes the same number of steps around another electron, every electron in the Laughlin state is equally happy to be away from any other electrons.
The Laughlin wave function has another nice property: it is the exact ground state of the following N -electron interacting Hamiltonian
where r i = (x i , y i ) is the coordinate of the i th electron and To see Ψ m ({z i }) to be the ground state of the above Hamiltonian, we note that all electrons in Ψ m ({z i }) are in the first Landau level. Thus we can treat the kinetic energy
2 as a constant. We also note that average total potential energy of Ψ m ({z i }) vanishes:
This is because the function ∂ If we compress the Laughlin state, some m th order zeros between pairs of electrons become lower order zeros; so some electrons take less steps around other electrons. This represents a break down of dancing pattern (or creation of defects of topological orders), and cost finite energies. Indeed, for such a compressed wave function, the average total potential is greater than zero since the order of zero in the compressed wave function can less or equal to the l in the potential (4 25-30.) A set of data called the patterns of zeros 24 was introduced to characterize the dancing patterns (or pattern of long range entanglements). By definition, the pattern of zeros is a sequence of integers {S a , a = 2, 3, 4, ...}, where S a is the lowest order of zeros in the ideal wave function as we fuse a electrons together. Naturally a pattern of zeros must satisfy certain consistent conditions so that it does correspond to an existing FQH wave functions. The pattern of zeros that satisfy the consistent conditions can be divided into two classes: quasi-periodic solutions with a period n and non quasi-periodic solutions. The non quasi-periodic solutions may not correspond to any gapped FQH states, so we only consider the quasiperiodic solutions. Those solution is said to satisfy the n-cluster condition. This quasi-periodicity reduces the infinite sequence {S a , a = 2, 3, 4, ...} into a finite set of data {n; m; S 2 , · · · , S n }.
It turns out that the pattern of zeros data {n; m; S 2 , · · · , S n } can characterize many non-Abelian FQH states. 31, 32 We can calculate the filling fraction, the ground state degeneracy, the number of types of quasiparticles, the quasi-particle charges, the quasi-particles fusion algebra, etc from the data {n; m; S 2 , · · · , S n }.
33-36
However, in this paper, we will concentrate on Abelian FQH states, which can be characterized by a simpler Kmatrix. 
15,37
With such a understanding, we find that the dancing patterns in an Abelian FQH state can be characterized by an integer symmetric matrix K and an integer charge vector q. 15, 16, 37, 38 The dimension of K, q, s is κ which corresponds to the number of incompressible fluids in the FQH state. An entry of K, K IJ , is the number of steps taken by a particle in the I th component to go around a particle in the J th component. We note that when I = J, the order of zero K II depends on the statistics of electrons. For bosonic electrons, K II = even and for fermionic electrons, K II = odd.
An entry of q, q I , is the charge (in unit of e) carried by the particles in the I th component of the incompressible fluid. An entry of s, s I , describe how the I th component of the incompressible fluid couple to the curvature of the 2D space. It is roughly given by the orbital spin of the particles in the I th component. Or more precisely, if the particle in the I th component are in the m th Landau level
39 The term m − 1 is the orbital spin of the particles in the I th component. There is also a "quantum" correction
2 that is beyond semi-classical picture of electron dancing step.
All physical properties associated with the topological orders can be determined in term of K and q. For example the filling factor is simply given by ν = q T K −1 q. In the (K, q, s) characterization of QH states, the ν = 1/m Laughlin state is described by K = m, q = 1, and s = m/2, while the ν = 2/5 Abelian state is described by K = 3 2 2 3 , q = 1 1 , and s = 3/2 5/2 .
The topological order described by (K, q) have a precise mathematical realization in term of ideal multilayer FQH wave function:
where I, J = 1, · · · , κ label κ different layers and z I i is the coordinate of the i th electron in the I th layer. For such a multilayer system, electrons in each layer naturally from a component of incompressible fluid. Since those electrons all carry unit charges, so q i = 1. The exponents (or the order of zeros) K IJ form the symmetric integer matrix K = (K IJ ). The topological order in the FQH state (5) is described by K = (K IJ ), q I = 1, and
We would like to point out that there exists a Hamiltonian (of a form similar to that in eqn. (3)) such that the wave function Ψ K is its exact ground state. Thus Ψ K is an ideal FQH state. The dancing pattern and its (K, q, s) characterization can be seen clearly from the ideal FQH wave function Ψ K .
It is instructive to compare FQH liquids with crystals. FQH liquids are similar to crystals in the sense that they both contain rich internal patterns (or internal orders). The main difference is that the patterns in the crystals are static related to the positions of atoms, while the patterns in FQH liquids are "dynamic" associated with the ways that electrons "dance" around each other. (Such a "dynamic" dancing pattern corresponds to pattern long range entanglements.
9 ) However, many of the same questions for crystal orders (and more general symmetry breaking orders) can also be asked and should be addressed for topological orders.
F. Chern-Simons effective theory for Abelian FQH states
We know that the low energy effective theory for a symmetry breaking order is given by Ginzburg-Landau theory. What is the low energy effective theory of topological order? One of the most important application of the (K, q, s) characterization of Abelian FQH states is to use the data (K, q, s) to write down the low energy effective theory of the Abelian FQH states.
There are two types of low energy effective theories for Abelian FQH states: Ginzburg-Landau-Chern-Simons effective theory [40] [41] [42] and pure Chern-Simons effective theory 2, 16, 37 . The pure Chern-Simons effective theory is more compact and more closely related to the (K, q, s) characterization. The detailed derivations of pure ChernSimons effective theory has been given in Ref. 39 and 43 and I will not repeat them here. We find that an Abelian FQH states characterized by (K, q, s) is described by the following Chern-Simons effective theory
where · · · represents higher derivative terms [such as the
It is important to note that the scales of the gauge fields a Iµ are chosen that the gauge charges of the gauge fields a Iµ are all quantized as integers. Thus we cannot redefine the gauge fields
The Chern-Simons effective theory allows us to calculation all the topological properties of Abelian FQH state. The filling fraction is given by ν = q T K −1 q. The quasi-particle excitations are labeled by integer vectors l. A component of l, l I , corresponds to the integer gauge charge of a Iµ . In fact, a quasi-particle labeled by l is described by the Following wave function
The electric charge of the quasi-particle l is given by Q = q T K −1 l and the statistics is given by θ = πl T K −1 l. To compare with some later discussions, we introduce another way to label the quasi-particles: we use a rational vector α = K −1 l to label the quasi-particle labeled by l in the previous scheme. A quasi-particle labeled by α carries an electric charge Q = q T α and has a statistics θ = πα T Kα. We note that, in the new labeling scheme, when α is an integral vector α = n, the corresponding quasi-particle excitation carries an integral electric charge Q = q T n. The statistics of the excitations also agrees with the statistics of q T n electrons. So such an excitation can be viewed as a bound state of a integral number of electrons. We may view quasi-particles that differ by several electrons as equivalent. Thus α is equivalent to α = α + n. The equivalent classes of α correspond to different types of fractionalized excitations. They correspond to α's that lie inside of the κ dimensional unit cube. Since the number of α's inside of the κ dimensional unit cube is | det ( G. The (K, q, s) characterization is not physical enough
As we have stressed that the key to understand topological order is to find a characterization of topological order. For the real Hamiltonian of a FQH system
the ground state wave function is very complicated. We can hardly see any pattern from such a complicated wave function. What we did above is to deform the Hamiltonian into an ideal Hamiltonian which have a simple ideal ground state wave function. We find that the ideal ground state wave function can be characterized by (K, q, s). Then we say that all the states in the same region of the phase diagram that contains the ideal state are characterized by the same (K, q, s) (see Fig. 2 ). This allows us to characterize topological order in the ground state of real Hamiltonian.
Such a understanding also indicates that the (K, q, s) characterization of topological order is not very direct. We cannot determine K even if we know the ground state wave function of a (non-ideal) Hamiltonian exactly. In other words, K is not a directly measurable physical quantity. We need to rely on the deformation to ideal Hamiltonian to have a (K, q, s) characterization of topological order. This raises a possibility that two different sets, (K 1 , q 1 , s 1 ) and (K 2 , q 2 , s 2 ), may characterize the same topological order, since the two ideal FQH state characterized by (K 1 , q 1 , s 1 ) and (K 2 , q 2 , s 2 ) may belong to the same phase (see Fig. 2 ). (ie we can deform one ideal FQH state into the other smoothly without encountering a phase transition.) Indeed, through a field redefinition a Iµ → j W IJ a Jµ in the Chern-Simons effective theory (6), we see that, if (K 1 , q 1 , s 1 ) and (K 2 , q 2 , s 2 ) are related by 
45
Right now, we believe that all Abelian FQH states are described by (K, q, s). But (K, q, s) is a many-to-one labeling of Abelian topological order. It is not clear if we have found all the equivalence conditions of (K, q, s)'s.
The dancing pattern and the related (K, q, s) description is an intuitive way for us to visualize topological order (or pattern of long range entanglements) in (Abelian) FQH states. But, due to its many-to-one property, (K, q, s) is not something that can be directly measured in experiments or numerical calculations. So such a description of topological order, although very pictorial, is not very physical. A more rigorous and more physical (partial) definition of topological order 1,2 is given by the topology-dependent ground state degeneracy which can be measured in numerical calculations.
In this paper, wen will concentrate on the physical characterization of topological orders. We will concentrate on the ground state degeneracy of FQH states on compact spaces. We obtain more physical data to characterized the rich topological orders in FQH states, we will also study the non-Abelian geometric phase associated with the degenerate ground states as we deform the Hamiltonian of the FQH systems. First, to understand the ground state degeneracy of FQH states, in the next section, we will study FQH state on torus.
III. FQH STATES ON TORUS
A. One electron in a uniform magnetic field One electron in a uniform magnetic field B is described by the following Hamiltonian
where
The ground states of eqn. (9) are highly degenerate. Those ground states form the first Landau level and have the following form
where the function f (z) is a holomorphic function of complex variables z = x + iy First let us consider the symmetry of the Hamiltonian (9). Since the magnetic field is uniform, we expect the translation symmetry in both x-and y-directions. The Hamiltonian (9) does not depend on x, thus
But the Hamiltonian (9) depends on y and there seems no translation symmetry in y-direction. However, we do have a translation symmetry in y-direction ounce we include the gauge transformation. The Hamiltonian (9) is invariant under y → y + d y transformation followed by a e i dyBx+ i φ U (1)-gauge transformation:
In general
where we have chosen the constant phase in
to simplify the later calculations. The operator T d is called magnetic translation operator. So the Hamiltonian (9) does have translation symmetry in any directions. But the (magnetic) translations in different directions do not commute
and momenta in x-and y-directions cannot be well defined at the same time.
We note that T d acts on the total wave function f (z) e ) e d·∂ that act on the holomorphic part f (z).
B. One electron on a torus
Now, let us try to put the above system on a torus by imposing the equivalence or periodic conditions: z ∼ z+1 and z ∼ z + τ where τ = τ x + iτ y is a complex number. Using the magnetic translation operator (12), we can put the system on torus by requiring the wave functions to satisfy
eqn. (15) gives us
which are called quasi-periodic conditions on the wavefunction. In order for the above two conditions to be consistent, the strength of magnetic field B must satisfy e − i τyB(x+1) = e − i τyBx or
for an integer N φ . N φ is the total number of flux quanta going through the torus. eqn. (15) implies that
or
The above can be written as
(19) The holomorphic functions that satisfy the above quasiperiodic conditions have a form
(20) We see that there are N φ linearly independent holomorphic functions that satisfy eqn. (19) . So there are N φ states in the first Landau level on a torus with N φ flux quanta. Note that one can easily see that
A particular choice of the N φ linearly independent holomorphic functions can be obtained by choosing χ(n) in eqn. (20) as
where a%b ≡ a mod b, and l = 0, · · · , N φ − 1. We obtain
All holomorphic functions f (z) that satisfy the condition (19) are linear combinations of the above N φ functions.
C. Translation symmetry on torus
The one-electron system on the torus, eqn. (9), has a translation symmetry generated by the magnetic translation operator T d (12) . But to be consistent with the quasi periodic condition (15) , the allowed translations must commute with T (1,0) and T (τx,τy) . Those allowed translations are generated by two elementary translation operators
The corresponding operators that act on f (z) are given byT
We note that
Such an algebra is called Heisenberg algebra. Since T 1 and T 2 commute with the Hamiltonian (9), the degenerate eigenstates of eqn. (9) form an representation of the Heisenberg algebra. The Heisenberg algebra has only one irreducible representation which is N φ dimensional. Thus the Hamiltonian (9) must have N φ fold degeneracy for each distinct eigenvalue. Those N φ fold degenerate states form a Landau level. In the first Landau level, those N φ states are given by eqn. (21) and they satisfỹ
Note that from eqn. (21), we find
D. Many electrons on a torus
A many electron system in a magnetic field is described by eqn. (3) . Assuming the magnetic field is given by eqn. (17) and If the filling fraction ν < 1 and the interaction is weak, all the electrons will in the first Landau level. The many-electron wave function will have a form
where we have assumed that the magnetic field is given by eqn. (17) . Here z i = x i + i y i is the coordinates for the i th electron.
Assuming the space is a torus defined by z ∼ z + 1 and z ∼ z + τ , the many-electron wave function Ψ({z i }) on torus must satisfy
The holomorphic function f ({z i }) that satisfy both eqn. (27) and eqn. (28) exist only when the number of 
From eqn. (A4) we find
We see that f ({z i }) will satisfy the quasi periodic condition (27) , if f c (Z) satisfies
(30) There are m linearly independent holomorphic functions satisfying the above condition (see eqn. (20)). One particular choice of those m linearly independent holomorphic functions is given by (see eqn. (A2))
where l = 0, · · · , m − 1. Note that from eqn. (A2) we find that, for m(N φ − 1) = even,
We We like to stress that the m th order zero is a local condition (a local dancing rule). From the above discussion, we see that such a local condition leads to the m-fold ground state degeneracy on torus which is global and topological property. So the discussion in this section represents the rigorous mathematical theory that demonstrate how local dancing rules (the m th order zero) determine the global dancing patterns and number of global dancing patterns (the ground state degeneracy). In general, if we want to put a holomorphic function with m th order zeros on a genus g Reimann surface, we will get m g -fold degenerate ground states.
E. Stability of ground state degeneracy
For an N -electron system, the magnetic translation operators that commute with the many-body Hamiltonian (3) are given by
The correspondingT d operators that act on f ({z i }) are given byT
Again, on torus, the allowed magnetic translations are generated byT
.T 
When m(N − 1) = odd, we have:
Note that for m(N − 1) = odd, we have (see eqn. (A3))
The eigenvalues ofT 1 andT 2 are pure phases e i ϕ . We see that, in the large N φ limit (with N/N φ = 1/m fixed), the phases ϕ are of order 1. SinceT 1 andT 2 are translation operators by distances of order 1/N φ , the momentum differences between different degenerate ground states are of order ∆k ∼ N φ . The electron density is of order N φ and the separation between electrons is of order l B ∼ 1/ N φ . We see that ∆k 1/l B . When we add impurities δH to break the translation symmetry, δH will split the m-fold ground state degeneracy of eqn. (3) at ν = 1/m. However, each δH can only cause a momentum transfer of order 1/l B ∼ N φ . Thus in the first order perturbation theory, δH cannot mix the degenerate ground state and cannot lift the degeneracy. We need a ( N φ ) th order perturbation to have a momentum transfer of order ∆k ∼ N φ . Such a perturbation can only cause an energy splitting of order
where u is a dimensionless coupling constant to represent the strength of the impurity Hamiltonian δH, L = N φ represents the linear size of the system, and ξ = − ln u represents a length scale. We see that the ground state degeneracy is robust against any random perturbation in the thermodynamical limit. The larger the system, the better the degeneracy. We can also show that, on genus g Reimann surface, the ground state degeneracy of the ν = 1/m Laughlin state is m g .
2 Such a ground state degeneracy is also robust against any random perturbations. The existence of the robust topology-dependent ground state degeneracies implies the existence of topological order.
IV. GENERIC ABELIAN FQH STATES

A. Generic Abelian FQH wave functions on torus
We have seen that the topological order in the Laughlin state
y 2 i can be probed by putting the state on torus, which results in m-fold degenerate ground states. A more generic topological order labeled by K and q T = (1, · · · , 1) is described a multilayer wave function (5) . Such a topological order can also be probed by putting the wave function (5) on torus.
In terms of the theta function, the multilayer wave function (5) becomes (see eqn. (29))
on a torus. Here
are the center-of-mass coordinates and f ({z
where N φ is the total number of the magnetic flux quanta through the torus. From eqn. (A4), we find
where N I is the total number electrons in the I th layer. We know that N I ∝ N φ . In large N φ limit, the e − i τ πb 2 N φ term in eqn. (39) must come from the
J term in eqn. (40) . Thus N I and N φ must satisfy
Now eqn. (40) becomes
We see that f ({z I i }) will satisfy the quasi periodic condition (39) 
The above can be written in a vector form:
and I T = (1, · · · , 1). From now on, we will assume
and the above becomes
To find the center-of-mass wave function that satisfy the above quasi-periodic condition, let us consider the following functions labeled by α, η:
where the vector α satisfies Kα = integer vector.
We find that, for integral vectors a and b,
T Ka e − i πb
For bosonic electrons, K II = even and (−) κ T (a+b) = 1. Thus, the center-of-mass wave function f c (Z) is given by
For fermionic electrons, K II = odd and (−) κ T (a+b) = 1. The center-of-mass wave function f c (Z) will be
Note that here, we include an extra non-zero normalization factor
which is a holomorphic function of τ and satisfies
Each center-of-mass wave function f (α) c (Z) gives rise to a degenerate ground state |α; τ (where τ describes the shape of the torus). The explicit wave wave for the |α; τ state is
From the definition (47), we see that
Thus the distinct functions f (α,η) (Z|τ ) are labeled by α in the unit κ dimensional cube which will be denoted as UC. The number of different α in the unit κ dimensional cube, α ∈ U C, that satisfy eqn. (48) is | det(K)|. Thus an Abelian FQH labeled by K has | det(K)|-fold degenerate ground states.
Note that
(y
where N = I N I is the total number of electrons. So the center of mass motion described Z and the relative motion described by z 
We can always choose a normalization so that Ψ α K |Ψ β K = δ αβ . But in this case, |Ψ β K will not be a holomorphic function of τ . In this paper, we will choose a "holomorphic normalization" such that |Ψ β K are holomorphic function of τ and satisfy eqn. (56).
B. Translation symmetry
The magnetic translation that acts on the holomorphic part f ({z
generate the Heisenberg algebra (34) where N is the total number of electrons on all the layers. AgainT 
and for fermionic electrons,
where we have used Here N I is the number of I th electrons. We know that f 
T α |α; τ ,
where we have used q = I and assumed N φ = even.
V. MODULAR TRANSFORMATIONS OF GENERIC ABELIAN FQH STATES
As we have discussed, the ground state degeneracy on compact spaces contain a lot of information about the topological order. However, those information is not enough to completely characterize the topological order; ie FQH states with really different topological orders may have the same ground state degeneracy on any compact spaces. To obtain a complete quantitative theory for topological order, the first thing we need is to have a complete characterization of topological order; ie to find a labeling scheme that can label all distinct topological orders.
One way to find such a complete labeling scheme is to use the non-Abelian geometric phase associated with the degenerate ground states. 1, 10 This can be done by deforming the mass matrix. So let us consider the following one-electron Hamiltonian on a torus (
with a general mass matrix:
where g is the inverse-mass-matrix and
gives rise to a uniform magnetic field with N φ flux quanta going through the torus. Let z = x + i y = X 1 + X 2 τ where τ = τ x + i τ y is a complex number. We find that
and
Let us choose the inverse-mass-matrix g ij such that, in terms of (x, y), the Hamiltonian (65) has a simple form
We find that the inverse-mass-matrix must be
and (A x , A y ) must satisfy
We find that
which is equal to the Hamiltonian (9) (up to the the scaling factor τ y ). We see that the Hamiltonian (65) on torus (
with a τ -dependent inverse-mass-matrix (67) is closely related to the Hamiltonian (9) on torus z ∼ z + 1 ∼ z + τ with a diagonal mass matrix.
The ground state of eqn. (9) has a form
Eqn. (69) relates the one-electron wave function on torus (
, with the one-electron wave function on torus z ∼ z + 1 ∼ z + τ , f (z) e −πN φ y 2 /τy . Such a result can be generalized to the multilayer Abelian FQH state for many electrons. From the Abelian FQH state on torus z ∼ z + 1 ∼ z + τ (37), we find that the Abelian FQH state on torus ( 
We see that the τ -dependent inverse-mass-matrix (67) leads to a τ -dependent ground state wave-functions (70) for the degenerate ground states. The wave functions (70) form a basis of the degenerate ground states. As we change the mass matrix or τ , we obtain a family of basis parametrized by τ . The family of basis can give rise to non-Abelian geometric phase 46 which contain a lot information on topological order in the FQH state. In the following, we will discuss such a non-Abelian geometric phase in a general setting. We will use γ to label the degenerate ground states.
To find the non-Abelian geometric phase, let us first define parallel transportation of a basis. Consider a path τ (s) that deform the inverse-mass-matrix g(τ 1 ) to g(τ 2 ): τ 1 = τ (0) and τ 2 = τ (1). Assume that for each inversemass-matrix g[τ (s)], the many-electron Hamiltonian on torus (
has κ-fold degenerate ground states |γ; s , γ = 1, · · · , κ, and a finite energy gap for excitations above the ground states. We can always choose a basis |γ; s for the ground states such that the basis for different s satisfy
Such a choice of basis |γ; s defines a parallel transportation from the bases for inverse-mass-matrix g(τ 1 ) to that for inverse-mass-matrix g(τ 2 ) along the path τ (s). In general, the parallel transportation is path dependent. If we choose another path τ (s) that connect τ 1 and τ 2 , the parallel transportation of the same basis for inverse-mass-matrix g(τ 1 ), |γ; s = 0 = |γ; s = 0 , may result in a different basis for inverse-mass-matrix g(τ 2 ), |γ; s = 1 = |γ; s = 1 . The different basis are related by a unitary transformation. Such a path dependent unitary transformation is the non-Abelian geometric phase. 46 However, for the degenerate ground states of a topologically ordered state (including a FQH state), the parallel transportation has a special property that, up to a total phase, it is path independent (in the thermal dynamical limit). The parallel transportations along different paths connecting τ 1 and τ 2 will change a basis for inverse-massmatrix g(τ 1 ) to the same basis for inverse-mass-matrix τ (τ 2 ) up to an overall phase: |γ; s = 1 = e i φ |γ; s = 1 . In particular, if we deform a inverse-mass-matrix through a loop into itself (ie τ (0) = τ (1)), the basis |γ; 0 will parallel transport into |γ; 1 = e i ϕ |γ; 0 . Thus, non-Abelian geometric phases for the degenerate states of a topologically ordered state are only path-dependent Abelian phases e i ϕ which do not contain much information of topological order.
However, there is a class of special paths which give rise to non-trivial non-Abelian geometric phases. First we note that the torus (
can be parameterized by another set of coordinates
where a, b, c, d ∈ Z, ad − bc = 1. The above can be rewritten in vector form
(X 1 , X 2 ) has the same periodic condition (
as that for (X 1 , X 2 ). We note that
The inverse-mass-matrix in the (X 1 , X 2 ) coordinate, g(τ ), is changed to
The above transformation τ → τ is the modular transformation. We see that if τ and τ are related by the modular transformation, then two inverse-mass-matrices g(τ ) and g(τ ) will actually describe the same system (up to a coordinate transformation). (See Fig. 3 ) Let us assume that the path τ (s) connects two τ 's, τ (0) and τ (1), related by a modular transformation
a+cτ (0) (see Fig. 3 ). We will denote τ (0) = τ and τ (1) = τ . The parallel transportation of the basis |γ; τ for inverse-mass-matrix g[τ (0)] gives us a basis |γ; τ for inverse-mass-matrix g[τ (1)]. Since τ = τ (0) and τ = τ (1) are related by a modular transformation, g[τ (0)] and g[τ (1)] actually describe the same system. The two basis |γ; τ and |γ; τ are actually two basis of same space of the degenerate ground states. Thus there is a unitary matrix that relate the two basis
U γγ (M ) = γ; τ |γ ; τ = γ; τ |Û (M )|γ ; τ .
Such a unitary matrix is the non-Abelian geometric phase for the path τ (s). Let us consider a modular transformation generated
and the transformation τ → τ is generated by M M . From |γ; τ =Û (M )|γ; τ =Û (M )Û (M )|γ; τ , we find that
Except for its overall phase (which is path dependent), the unitary matrix U is a function of the modular transformation M . 
which is eqn. (75) in wave function form. Note that τ =
M12+M22τ
M11+M21τ . Let us calculate the gauge transformation U G (M ). We note that Φ γ ({X ,I i }|τ ) is the ground state of
where k = 1, · · · , N labels the different electrons. In terms of X i (see eqn. (71)), H has a form
Since (A 1 , A 2 ) = (−2πN φ X 2 , 0), We find that U G (M ) will change H to H:
Note that at X i = 0, the fixed point of coordinate transformation
Eqn. (78) can also be rewritten as a transformation on the wave function Φ γ ({X I i }|τ ):
where τ =
M11+M21τ . Let
where f γ ({z I i }|τ ) is a holomorphic function, we can express the action ofÛ (M T ) andÛ (M S ) on Φ γ ({X
where z
i . We see that the action of operatorÛ (M ) can be expressed as the action of another
We find
We may use this result to calculate U γγ (M ).
In the above, we have assumed that Φ γ (τ ) form an orthonormal basis Φ γ (τ )|Φ γ (τ ) = δ γγ . In this case, U γγ (M ) is an unitary matrix. However, it is more convenient to choose "chiral normalization" such that Φ γ (τ )|Φ γ (τ ) ∝ δ γγ and that Φ γ (τ ) is a holomorphic function of τ . We will choose such a "chiral normalization" in this paper.
To summarize, there are two kinds of deformation loops τ (s). If τ (0) = τ (1), the deformation loop is contactable [ie we can deform the loop to a point, or in other words we can continuously deform the function τ (s) to a constant function τ (s) = τ (0) = τ (1)]. For a contactable loop, the associated non-Abelian geometric phase is actually a U (1) phase U γγ = e i ϕ δ γγ . where ϕ is path dependent. If τ (0) and τ (1) are related by a modular transformation, the deformation loop is non-contactable. Then the associated non-Abelian geometric phase is nontrivial. If two non-contactable loops can be deformed into each other continuously, then the two loops only differ by a contactable loop. The associated non-Abelian geometric phases will only differ by a an overall U (1) phase. Thus, up to an overall U (1) phase, the non-Abelian geometric phases U γγ of a topologically ordered state are determined by the modular transformation τ → τ = b+dτ a+cτ . We also show that we can use the parallel transportation to defined a system of basis Φ γ ({X i }|τ ) for all inversemass-matrices labeled by τ .
A. Calculation for Abelian states
For the Abelian FQH states, we have already introduced a system of basis for the degenerate ground states for each inverse-mass-matrix g(τ ): |α; τ = Φ 54)). It appears that such a system of basis happen to be a system of orthogonal basis that are related by the parallel transformation (up to an overall phase), ie the basis satisfy Let us consider the bosonic electrons. From eqn. (54) and eqn. (50), we see that
Using eqn. (B10), eqn. (A5), and eqn. (53), we obtain
where N is a column vector with component N I and κ is a column vector with component K II (see eqn. (62)). Therefore, from the definition eqn. (70), we find that
Using eqn. (B13), eqn. (A6), and eqn. (53), we obtain that
where we have used N φ = K IJ N J . Therefore, we have
From the definition eqn. (70), we find that
So for bosonic electrons, the non-Abelian geometric phases are described by the following generators of (projective) representation of modular group
Now we consider the fermionic electrons. From eqn. (54) and eqn. (51), we see that
Using eqn. (B11) and eqn. (A5), we obtain that
Using eqn. (B15) and eqn. (A6), we obtain
So for fermionic electrons, the non-Abelian geometric phases are described by the following generators of (projective) representation of modular group
VI. SUMMARY Let us summarize the results obtained in this paper. For an Abelian FQH state (K, q) on a torus, the ground state degeneracy is given by | det(K)|. The degenerate ground states |α can be labeled by the κ dimensional vectors α in the κ dimensional unit cube, where κ is the dimension of K and α satisfy the quantization condition Kα = integer vectors.
α's that differ by an integer vector correspond to the same state.
Assume that the torus is a square of size 1: (X 1 , X 2 ) ∼ (X 1 + 1, X 2 ) ∼ (X 1 , X 2 + 1) with N φ magnetic flux quanta. To simplify our result, we will assume N φ = even (see eqn. (45) 
satisfy the Heisenberg algebra
where N is the total number of electrons. The degenerate ground states |α form a representation of the Heisenberg algebra: for bosonic electrons,
For generic inverse-mass-matrix g in eqn.
(67), the degenerate ground states have a τ dependence |α; τ . By deforming τ to τ = b+aτ d+cτ , we can obtain a non-Abelian geometric phase U (τ → τ ). U (τ → τ )'s form a projective representation of the modular group.
For two generators of the modular group S = U (τ → −1/τ ) = U (M S ) and T = U (τ → τ + 1) = U (M T ), we find that, for bosonic electrons (see eqn. (93) 
where κ T = (K 11 , K 22 , · · · , K κκ ) is two times the spin vector of the Abelian FQH state. 39 We see that the Smatrix contains information about the mutual statistics 2πα
T Kβ between the quasi-particles labeled by α and β, while the T -matrix contains information about the statistics πα T Kα of the quasi-particle labeled by α.
1,10
We have calculated the above unitary matrices S, T carefully such that the over all U (1) phase is meanful. We have achieve this by choosing the degenerate ground state wave functions on torus to be (1) holomorphic functions of τ and (2) 54)). So the amibguity of the ground state wave function is only a constant factor that is independent of τ . Such a constant factor is a unitary matrix W that is independent of τ . So the ambiguity of T, S is
We note that M S generates a 90
• rotation (see eqn. (72)). Also when τ = i , the torus has a 90
• symmetry. So S = R 90 • is the generator of the 90
• rotation among the degenerate ground states when τ = i .
We also note that M S M T = 0 −1 1 1 and (M S M T ) 3 = −1 0 0 −1 which is a 180
• rotation (see eqn. (72)). So M S M T generates a 60
• rotation. When τ = e i π/3 , the torus has a 60
• symmetry. So U (M S M T ) = U (M S )U (M T ) = ST = R 60 • is the generator of the 60
• rotation among the degenerate ground states when τ = e i π/3 . We find that, for bosonic electrons 
We have R T KN − κ T N term is only a pure U (1) phase, we see that such a U (1) phase is quantized and is also robust against any local perturbations of the Hamiltonian. Therefore, S and T are robust against any local perturbations of the Hamiltonian.
We note that when N I = 0 mod 24, the U (1) phase from N T KN − κ T N is zero (mod 2π). In the following, we will assume N I = 0 mod 24 and consider only the bosonic case. In this case, S, T have simple forms where T is diagional and S contains a row and column of the same index which contain only positive elements and the element at the intersection of the row and the column is 1. (For more details see Ref. 11-13, and 47.) We can make such a row and column to be the first row and the first column. In this case, T 11 = T α=0,α=0 = e We like to remark that if we move τ around a samll cotractible loop, the induced non-Abelian geometric phases are only a pure U (1) phase. Such a pure U (1) phase is related to the orbital spin 21 or the Hall viscosity.
48-50
Although (K, q, s) are not directly measurable, the ground state degeneracy and (T 
